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ABSTRACT. In this paper we prove that the gradient of the weak solution of the Dirichlet prob-
lem for divergent form elliptic equations, with the known term belongs to the Morrey spaces, is
the element of the weak Morrey spaces.
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2 N. K. TUMALUN AND P. E. A. TUERAH

1. INTRODUCTION

Recently, the regularity properties of the Dirichlet problem

Lu = f7
¢ { we ()

where f belongs to some various Morrey spaces, have been studied by some authors (for ex-
ample, se€]2,13)5]). Her@ is bounded domain ii®", H}(2) is the Sobolev spaces, aids
divergent form elliptic operator defined ] (€2).

By using the assumption thgtbelongs to the Morrey spacés*(Q2) for 0 < A < n — 2,

Di Fazio [3] showed that the weak solution pf (1.1) is the element of the weak Morrey spaces
wLPQ), Wherep% = 1 — -2;. For more sharp result, in the sense of inclusion between
Morrey spaces, Di Fazid [4] also proved that the weak solutiof of (1.1) is the element of the
weak Morrey spaces L (Q2), where - = ; — 15, by taking f from the Morrey spaces
LPMQ)for0 < A <n—2.

For the cases — 2 < A\ < n andf is in the Morrey spaceg!*(Q2), Cirmi et. al [2] showed
that the weak solution (1.1) is bounded essentiallf iand its gradient belongs to the Morrey
spaced.”* (), for somen — 2 < p < \.

Di Fazio has not investigated the regularity of the weak solution gradieft of (1.1). In this
paper, we continue his works, which are different from that one by Cirmi et. al in case of
parameten. We prove that the the weak solution gradient of](1.1) belongs to the weak Morrey
spacesv L (), where.- = 1 — L5, by assumingf is in the Morrey spaces'*() for
O<A<n-—2.

2. DIRICHLET PROBLEM AND MORREY SPACES

Let 2 be an open, bounded, and connected subsRt afith » > 3. These assumptions are
always assumed fde. Fora € 2 andr > 0, we define
Bla,r)={y € R": |y —a| <r},
and
Qa,r) =QNB(a,r) ={y e Q:|y—a| <r}.
Forl < p < coand0 < X < n, the Morrey spacd.!*(Q) is the set of all functions
f € LY(Q) which satisfies

1
s = s (% [ sy
a€eN,r>0 r Q(a,r)

Meanwhile, the weak Morrey spaeel.”*(1?) is the set of all measurable functiofigiefined
on 2 which satisfies

A

ac,t>0 re

- (supt>0t|{x € Q) : f(z) > t}|i> .

Forqg = 1,2, let Wt4(Q) is denoted the Sobolev spaces. The closur@®f) in Whe(Q)
is denoted b}Wj’q(Q). We consider the following second order divergent elliptic operator

"\ 0 ou
(2.1) Lu = — Z . (%J’%) ,
i A

whereu € W,*(Q2),
(ZZ'J‘ GLOO(Q), i,jzl,...,m
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and there exists > 0 such that
vIg? < Za” )68 < vEP,
for everyé = (&4,...,¢,) € R™ and for almost every € (2. We also assume a regularity
condition of the coefficients; ; of the operatot, that is,
|ai; () —ai;(W)] < w(fz—yl),  Vr,ye,
wherew : (0,00) — (0, c0) is non-decreasing, satisfies
w(2t) < Cw(t)

for a constant” > 0 and for allt > 0, and

wl(t
/ wdt < 0.
0 t
Let f € L'*(£2). We are interested in investigating the following Dirichlet problem
Lu = f,
(2.2) 1,2
u e Wy (Q),

whereL is defined by[(Z]1).
The functionu € W,*(Q) is called the weak solution of equatidn (2.2) if

(2.3) /Z a4 8:1;2 a% ®) g _/f

i,7=1

for all ¢ € C5°(Q).

3. TooLs

Theorem 3.1(Gruter and Widman/|_[6])There exists a unique functiéh: Q2xQ — RU{oo},
G > 0, such that for eacly € (2 and anyr > 0

(3.1) G(-y) € WH(Q\B(y, 1) N Wy (),
and for all¢ € C§°(Q),
8G (z,y) 9¢(x)
3.2 dr = :
(3.2) / 1; i o, oz, T = ¢(y)
Furthermore, there exists a positive constapt= C(n,v) andC; = Cy(n,v,w, ) such that
1
. < Cop——F——
(3.3) Glasy) < Cop—
and
1
A4 <C{——
(3 ) IVG(.%',Z/)’ = Cl|x—y|”_1

forall z,y € Q, withx # .
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4 N. K. TUMALUN AND P. E. A. TUERAH

The functionG in Theorem 3.1 is called the Green function fbrand Q2. Fix y € Q.
According to [3.1) G (-, y) has a weak derivative if?, which is denoted by‘?%;y). Therefore

(35) | 25 ot = - [ e a,

forall ¢ € C5°(2).
Let M be the Hardy-Littlewood maximal operator, defined by

M) = swp s [ 1wl
B(z,r)

foreveryf € L; (R™).

loc
Theorem 3.2.[1] Let0 < X\ < n,a € Q, andr > 0. If f € LY*(Q), then there exists a positive
constant”', which is independent fromandr, such that

(36) supt|{x € a,r) : M(f)(x) > 4] < Cr[ o,

t>0

The first proof of Theorem 3.2 was given by [1]. For more simple and elegant proof of this
theorem, we refer to [7].

4. AN INTEGRAL OPERATOR AND MAIN RESULT

From now on, we always assume that A\ < n — 2. LetG be the Green function fat and
Q. For f € L'*(2), we define

(4.1 uw) = [ Ga) iy
for everyx € Q). Next we define
0G(z,
.2 o) = [ |22 )|
Q T
foreveryi =1,...,nandzx € (.

We note that the function which is defined by[(4]1) is the unique weak solution[of](2.2).
This fact can be seen inl[3].

Theorem 4.1. There exists a constant > 0 such that

1 A
1A

—n _A=n—-1
(4.3) O [ € Qa,r) : ful@)] > 1] < CPF A
for everya € R", r > 0, andt > 0.

Proof. Letz € 2 andé > 0. By virtue of (3.4), we first estimate

Sl /()] Ol
/ﬂ dy /Q dy+/Q dy =1 + I,.

o — gyt (@20) [T —y|*! \B(z.20) 1T — y["7!
We bound/; by using the Hedberg estimation, that is,
I, < C(n)oM(f)(x).

AJMAA Vol. 18(2021), No. 2, Art. 14, 7 pp. AIMAA


https://ajmaa.org

A REGULARITY OF THE WEAK SOLUTION GRADIENT OF THEDIRICHLET PROBLEM 5

Now we compute the bound @f as follows,

[2_/5 [fWxeW)l |n 1 2/2 <y)XTﬁ3|d?J

<lz—y| |$— k§<|z—y|<2k+1s |$—
e 1 (2k+15) /
< C(n d
>~ ( ) - (2k+15)n—1 <2k+15))\ 2k6§|z—y\<2k+1§ ‘f(y)XQ<y)’ Yy
A—n+1 S 2)\ ‘ A—n+1
< C(n A)[|fl[ 2126 > 51| = C A flleiad :
k=1
Therefore
( . ) 0 |$ N y|n_1 Y= (TL, ) [ (f)(l‘) + Hf”Ll’A} )

by using the estimations df and/,. We choose

to minimize the right hand side df (4.4). Then

45 | < cn ) 1,
Note that, according t¢ (3.4) arid (#.5), then
(4.6) ol <c [ BLdy < omn@ =1L

for everyz € Q, whereC = C(n, A\, C}). Leta € Q andr > 0. For everyt > 0, we have

{ € Qa,r) : Jui(x)] > t}] < Hx € a,r): M(f)(z) > CthszLEHH .
Now we use Theoreim 3.2 to obtain

H € Qa,r) : M(P)(x) > O | fi7 H

) P

T f 1,2 f n+

coPWlor W
CtE | )0 txe

whereC > 0 is independent from, r, andt. This means

A—n—1

R € Qa,r) ¢ ui(x)] > 1] < O f]aa
for everya € Q,r > 0, andt > 0.

Lemma4.2.u; € L'(Q) foreveryi =1,...,n

AJMAA Vol. 18(2021), No. 2, Art. 14, 7 pp. AIMAA
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Proof. Leta € Q. Since2 is bounded, then we can choase- 0 such that? C B(a,r). This
means = Q(a,r). By the Cavalieri Principle, we have

| fusta)laz - /Q(%T)thJﬂ!dx

B /0°° {z € Qa,r) : |ug(x)| > t}}]dt
[©2(a,r)|
__A {z € Qa,7) : us(x)] > t}}]dt
h x € Qa,r) : |u;(x dt.
+/ {w € Qa.r): fuilw)] > t}}|de

Q(a,r)|
Note that

[Q(a,r)| |Q(a,r)|
/ y@eﬂ@m;m@n>ﬂmﬁg/ 10(a, )|t = |2a, )2 < oo.
0 0
Using Theorer 4]1 and the fagt-2+ + 1 < 0, then

o0

[ et w@l>ata <o [T
|€2(a,r)] 9|
= CrQ(a,r)[ 5 < oo,
Therefore
/ jus()|de < 1Qa,r)]? + Cr|Q(a, r)|[ 7+ < oo,
This proves the IeQOa

Lemma 4.3. If u is defined by{4.1), then the weak derivatives ofis given by

B = o ([ ctranswan) = [ 22D spay

foreveryi=1,...,n

Proof. Let ¢ be an arbitrary element @f5°(€2). We claim that’ 2% f(y)¢(x) € L1(Q x Q).
This is because

0G(z y
8561

(y)o(x)

dydxzzt/£|uxzvu¢<xndx

< max (o) [ uta)lde < o

which is concluded from Tonneli’'s theorem and Lemimd 4.2. Therefore we can use Fubini's
theorem and (3]5) to obtain
)da:'> dy

A(Lewwvwmﬁagfzwi/ﬂw(/em,W“i
— [ 1 (/ @”w@¢0dy
_—A(Aa%i”ﬂ>@)w@m.

The proof is completeg
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The following is our main theorem. This shows that the gradient of the weak solutionof (2.2)
belongs to the weak Morrey spaces.

Theorem 4.4.1f u is defined by.1), then|Vu| € wL*(Q) where - =1 — L.

Proof. It is enough to proof tha% e wLP*(Q) for everyi = 1,...,n. According to
Lemmd 4.8,[(4]2), and Theorém 4.1, we have

n 0 —n
e {x e Qa,r) : ’ uz) >t} <t {z € Qayr) : Jui(z)] > t)]
Z;
PUTIPITE —
< O fll
Therefore this theorem is provesl.
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