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n

bstract. In this paper, we show that the Morrey spaces Ll'{;_}_ B (B"™) are
zlbedded between weak Morrey spaces wL®* (B®) and Stummel classes 5, (B™)
under some conditions on p, A and e. More precisely, we prove that wlP-* (B") C

1‘{%_%_)0 (R") C Sy (™) where 1 < p < 00,0 < A < n and ";'\ < <l T
g’e also show that these inclusion relations under the above conditions are proper.
Lastly, we present an inequality of Adams’ type [1].

Key words and phrases: Morrey spaces, Stummel classes, Adams’ type inequality.

Zin

A
Abstrak. Pada makalah ini, dibuktikan bahwa ruang Morrey Ll'(?’ P ){[Pi“}
tersisipkan di antara ruang Morrey lemah wIP? (B®) dan kelas Stuwmimel
Sa (B™) untuk p, A dan o tertentu. Persisnya, dibuktikan bahwa wL®* (R™) C

A_n . _
Ll‘(?’ » H) (B") € So (B™) dengan 1 < p < oo, 0 < A < n dan R;A < < T
Akan dibuktikan pula bahwa hubungan inklusi ini merupakan inklusi sejati. Di
akhir makalah, disajikan suatu ketaksamaan tipe Adams [1].

Kala kunci: Ruang Morrey, kelas Stummel, keloksomaan fipe Adams.

L. INTRODUCTION

The notion of Stummel classes was defined in [5, 11]. For 0 < a < n, the
Stummel class S, (IR") is defined to be the set

Sa(BR") :={f € Lj,o (R") s f(r) 0 for 73,0},
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where
naf(r) = sup f lf(iy]tdy-
z€R™ J|z—y|<r |z — [

The 5, is called the Stummel modulus of f. For a := 2, the class S; is known as
the Kato class or the Stummel-Kato class. The Stummel classes S, (R") have an
application in studying the regularity theory of partial differential equation. Such
an application can be found in [2, 3, 4, 6, 9].

In [11], Ragusa and Zamboni studied the inclusion relation between Morrey
spaces and Stumnmel classes. They proved the following result:

Lemma 1.1. [11] LetO<a <n andn—a <y <n. If f € LYY (R™), then
naf(r) < Cln,a,3) P 7" | fll L1 @y
Therefore, LY/ (R") C S, (R").

Note here that, the Morrey space L' (R") is the collection of all functions
f € L, (R") for which

Ifllzo@e = sup F@ldy<oe,  0<y<n.
2R r=0 T Saeyler

For the case a := 2, the Lemma 1.1 was proved by Di Fazio in [6]. There are also
some studies between generalized Stummel classes and generalized Morrey spaces
that can be found in |7, 8, 12].

We need to write down the definition of weak Morrey spaces since this article
deals with them. For 1 < p < oo and 0 < A < n, we define wLP*(R") the weak
Morrey space to be the set of all functions f € wL} (R") for which

loc
[l fllwreamny == sup r_Af‘p”f”n.-LW{B{;;::JJ < og,
TER™ >0
where
[l fllwre (B, = -H;I}lgf(ﬂ-({y € Bla,r): [fy)] > 1})7,

with ggbeing the Lebesgue measure on R" and B(z.r) :={ye R" : |z —y| < r}.

!1 this paper, we show that there are Morrey spaces ‘between’ some weak
Morrey spaces and Stummel classes, in the sense of proper inclusions. Since the
Morrey spaces and Stummel classes are applied in studying regularity properties of
some partial differential equation (see [1, 3, 10]), the inclusion properties of these
spaces (classes) are useful to study. We also present an inequality of Adams’ type
[1] as our last result.

2, THE INCLUSION OF WEAK MORREY SPACES, MORREY
SPACCES, AND STUMMEL CLASSES

The first proposition is about the inclusion relation between weak Morrey
spaces and Morrey spaces.
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Proposition 2.1. Let 1 <p < oo and 0 < A < n. If f € wLP?R™), then

! o
||f||L1.[;l—‘J—:+u)‘_R"J = C(ns)‘:p) Hf||j:‘_-,[,v-'\(r<nj'
A

Therefore, wLP*R™) C LHE—atn) (™).

Proof. Take any f € wLP*(R"), € B", and r > (. For every o € R, we have
e (n(B(z,r)))”

[ e Bwn 1wl >m < [ (B, ) de
0 0

] = ?‘A
+ ”f”LJLJ'-fWIR“J‘/ wd

(n(B(zrn~ P

= (u(B(z,r)" "

+ OO I s gy (1 (Bl ) )7

(1)
Let o := %p _;_L? and 3 := ,%()‘_ n)+n. Then n(oc +1) =no(l —p) + A =3. By
(1), we obtain
— [  Weld== [ il
TRy yllay = — yilay
(575 ) Jamylar ™ Jjo—yl<r
1 o
=5 [ utwe B 1wl > ) ar
0
< COAD I s (2)
for every x € R" and r > 0. From (2), the conclusion follows. |

From the Proposition 2.1 and Lemma 1.1, we have the following corollary.

Corollary 2.2. Letl < p< oo, 0< X <n, and “;’\ <a<n. If f € wlPr(R"),
then
v P
10,1 (35 gy < COAB e
If f € LG5 (B, then

»
- <O e AL SslA=n)+a W ‘
Mo flr) < Cln,o, A p)re ||f||L1'(%’?+“){r<"J

Therefore, wIPMR™) C LY(B- 52 (R™) C S, (R™).

In the next example, we show that the inclusion relation which was shown
in Lemma 1.1 is proper. Thus, the later inclusion in Corollary 2.2 above is also
proper.

Example 2.3. Let 0 < a < n and n—« < v < n. Define f: R" — R by the
formula
xB(y)
fly) = 2
|yl In([y|)*

where § :== e=. Then f € S, (R™)\ L1 (R").

B:= B(0.4), ye R,
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To verily the example, we first show that f € S,(R"). Since the function f
is radial and non-increasing, the Stummel modulus of f is attained at the origin.
Given r > 0, let € := min{r,d}. We have,

Xe(y) 1
’?nf[l“]:f T g dy:f —— dy.
l<r [y 1n(ly])? wl<e Iyl n(ly)|?

By switching to polar coordinate, we obtain
1 Cn
f pdy =
|u| <e |'ij|“|1n("ij|)| — In(e)

_ C(n)
naflr) = (o)

By the definition of €, for every 0 < r < §, we have
v 1 i
Na f(r) = C(n) (T{r‘)) N0 for N 0.

Thus, f € S, (R").
Next, using the fact that 1/¢t|In(¢)|? is decreasing on (0, d) and the condition
n —a < 7, one may observe that f ¢ L7 (R™).

Therefore,

3. AN ADAMS’ TYPE INEQUALITY

In his paper [1], D. Adams proved the following inequality:

1
q
(] [u(z)[*V(x) d-l.‘) < Clp, v )|V e [ V| e @ny (3)
Py
n—p
where V' is a non-negative function in the Morrey space L7 (R") and v > n — p.

Wu € CfF(R"), g:= l<p<n,

Our purpose in this section is to establish an inequality similar to (3). To do
s0, we need to recall the S, , class that was introduced in [11].

Let 1 < & < n and ¢ : (0,00) — (0,00) be a nondecreasing continuous
function such that 1'11_13} (t) = 0. We say that V' : R" — R belongs to the class S,

t—

if there exists a non decreasing function &y @ (0,00) — (0, 00) with Hr%f,y(r) =0

such that | | '
Viy)
sup f — dy < &y (r).
eein Jjeylar [ — Y0z — y]) °

The following lemma was proved in [11]. It gives a sufficient condition for a
function in So(R") to belong to an appropriate S, . class.

LS

Lemma 3.1 ([11]). Let V € S, and suppose that there erists 0 € (0,1) such that
1—

1 ks
f 7["“1' (t)] dt < na.
o t

Then V € Sn._fun Ve
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The next theorem is an Adams’ type inequality that we obtain.

Theorem 3.2. Let 1 < a < n and suppose that
L al
wlit)] =
/ Lol dt < 0o,
0 ¢

where + + L =1, IfV € 8, .. then
o [as Lkl

1

{ﬁ |u(.a.-)|“|1f'(.z.-1|d.r}" < Oln,a,0.70) [€v (2r0)]* ||V

[P

for every u € Cg7(R") with supp(u) C Bz, 1g).

Proof. Let x € B(xo,70). Since Jrul [p(f)]% t~1dt < 0o, we have

/-[wh_ymndy<x,
|z —y|"
B(zg,ro)

and the value is independent of z. By Hoélder's inequality, we obtain

[ Sl ] Vuw)l* /‘[mu—ym%d
|z — y|" |z =y e(lz —yl) |z —y|"
Blzg.ra) Blzg.roe) Blzo.re)
i
—C / Vuly)l dy
_ |z =y~ el|lz — yl)
B{zo,ra)

where C' := C(n, a, p, ry). We now employ the following inequality

u(z)] < C(n) f H“i(”“)_'lrﬂy,

x— 1yl
B(-‘II-.JIIJ

to get

o

O =

PR
B{-iu-.ﬂl,l

Vu(y)|®

sCmapr | G
B{zo,r0)

dy.
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Since B(xg,rp) 2 supp (u), by Touneli’s theorem we obtain

[ @
Rll

Viz)|dz = f [u(z)|* |V {z)|de
B(zo,ro)

< (;/ f IVjt(y)l' dy ) |V ()
B(zo.ro) \JBizo.ro) 2= Y[""¢(|z =)

=cf e ([ ol ) ay
Bizq.rg) Blzg.rg) |T - yl“ m‘ro”;r - 1}”

Viz
< [ Vu(y)|® / — ()| dr | dy
Bizq.rg) By.2rg) |T - yl“ m‘ro”;r - 1}’“

=C&@mf\vwwwm
Rll

with C' := C(n, o, p, 1) .

By combining Lemma 3.1 and Theorem 3.2, we have the following corollary.

Corollary 3.3. LetV € 5, % + “L, =1, and ¥ := :ﬁ such that

o

11—

1 P
j [V (t)] it < oo,
] t

Then

{[ m@rv@las)” < conanvm)ivule
Rll

for every u € CFZ(R") with supp(u) C Blxy, rg).
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