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Abstract. In this paper, we prove that the weak solution of the Dirichlet problem and its modulus of gradient, with the data
belongs to the generalized Morrey spaces, are the element of some weak Morrey spaces.

INTRODUCTION
Let Q be an open, bounded, and connected subset of R™, with n > 3. We are interested to investigate the following
Dirichlet problem
Lu=f, (1)
{u € W5 (q),

where L is the divergent elliptic operator. Here the function f, which is called data, belongs to the generalized
Morrey spaces defined by Nakai [1]. The Morrey spaces played an important role not only in the theory of partial
differential equations [2, 3, 4] but also in the theory of function spaces [5, 6, 7, 8, 9].

For the case the data f is the element of the suitable (classical) Morrey spaces, Di Fazio [10] has proved the weak
solution of Dirichlet problem (1) belongs to the some weak (classical) Morrey spaces. This result was generalized by
Borrello [11], that was used the system of Hormander vector fields in R™ to define the degenerate elliptic operator L.
Both of [10] and [11] used the Green functions introduced in [12]. In 2020, by using the Green function from [13], Di
Fazio [14] obtained similar result as in [10]. Continuing the work of Di Fazio, Tumalun and Tuerah [15] have recently
proved that the problem the weak solution gradient of problem (1) belongs to some weak Morrey spaces. Recently,
by assuming the elliptic operator L with drift term and the data belongs to some Morrey spaces, Cirmi et al. [16]
proved the weak solution of (1) is Holder continuous and its gradient belongs to some Morrey spaces. For the data
belongs to some generalized weighted Morrey spaces, in [17] they obtained that the gradient of the weak solution of
problem (1) also belong to the same spaces.

Considering the data f in problem (1) is the element of generalized Morrey spaces, our regularity result in this
paper generalizes the previous works which are obtained by previous authors, in the setting L is the divergent elliptic
operator. We also show that the modulus of weak solution gradient belongs to some generalized Morrey spaces.

NOTATIONS, FUNCTION SPACES, AND SOME TOOLS
Throughout this paper, let . be an open, bounded, and connected subset of R™, withn > 3. For every E measurable
subset of R™ and a € R, notation |E| denoted the (Lebesgue) measure of E and |a| denoted the Euclidean norm for
a. Forr > 0, we define
B(a,v) ={y e R™: |y —a| <7},
and
Q(a,r)=QnBlar)={ye:|ly—a|l <r}
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The generalized Morrey spaces LY (Q), for ¢: (0,00) — (0, ), is the set of all functions f € L*(Q) which
satisfies

1
= su dy | < co.
ANl 0 Sup (¢ o) ﬂ(M)If 621 y)
Meanwhile, for 1 < p < oo, the set of all measurable functions f defined on Q which satisfies

sup t](x € Q(a ) [ ()] > B

AN, pe = sup
wLP® xXEQ,Tr>0

1 <,
@(r)p
is called the generalized weak Morrey spaces and denoted by wLP? (Q).
The function ¢ above is always assumed to satisfy the following conditions. First, ¢ is n-almost decreasing
function, that is,

@(s) @(t)
s<t = s > C, o

for a constant positive C,. Second, ¢ satisfies Nakai’s condition, that is, there exist « < 0 such that, for all § > 0,
“o(t
f O 1 < 00
S5

tn—l

for a constant positive C;.
For g = 1,2, let W49(Q) be the Sobolev spaces. The closure of C°(Q) in W19(Q) under the Sobolev norm is

denoted by Wol'q(Q). The notation H~1(Q) is the dual space of I/I/ol'2 (€2). Now, we consider the following second
order divergent elliptic operator

where u € W,"*(Q),

and there exists A > 0 such that,

MEP < ) ay g < AR,
ij=1
for every & = (&4, ...,&,) € R™ and for almost all x € Q. Moreover, we assume a regularity condition of the
coefficients of the operator L, that is, a; ; satisfies Dini-continuous condition

|ai,j(x) - ai,j()’)l <w(x—-y), vx,y€eQ
Here w: (0, 0) — (0, ) is non-decreasing, satisfies
w(2t) < Cw(t)

“w(t
J- th<00.
0 t

In the Dirichlet problem (1), let f € L¥*(Q) n H~1(Q) and L be the second order divergent elliptic operator above.
A function u € W,"*(Q) is a weak solution of problem (1) if

n ou(x) ap(x)
L ileaij (x) 9%, ox, dx = ,Lf(x) b(x)dx,

for every ¢ € C5°(€). Furthermore, a function u € L*(Q) is a very weak solution of problem (1) if for every ¢ €
W,*(Q) n €(Q) such that Lp € C(Q), we have

f () Lp(x)dx = f () p(x)dx.
Q Q

One of important facts, we will use later, that if u is the very weak solution of problem (1), then u is the weak
solution of problem (1) (see [12] and [14]).

The following theorem stated the existence of the Green function for the operator L and domain Q.

Theorem 1. (Griiter and Widman, [13]). There exists a unique function G: 2 x 2 — [0, co] such that, foreach y €
Nandr >0,

for a constant C and for all t > 0, and
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G(y) e W2(Q\B(y, 1)) nW," (), 2)
and for all ¢ € C5° (),

= 0G(x,y) 0d(x
[ Y a2 4o = i), 3
Q 71 L ]
Furthermore, there exists a positive constant C = C(n, 1) such that,
G(x,y) < Clx—y|*™, (4)
forall x,y € Q, x # y, and there a positive constant C = (n, 1, w, Q) such that,
V.G (e, y)| < Clx —yI'™™, (5)

forallx,y € Q, x # y.
The function G in Theorem 1 is called the Green function. Now, fix y € Q. According to (2), G(-, y) has a weak

derivative in Q, which is denoted by aGa(;(fy), fori =1,...,n. Therefore
9G (x,y) 0p(x)
= - 6
L o, ¢(x) dx jﬂ G(x,y) ox, dx, (6)

forall ¢ € C5°(Q).
For every f € L},.(R™), let M be the Hardy-L.ittlewood maximal operator, defined by

M(f)(x) = sup Ifldy,

r>0 |BCOT| Jp
where x € R™. Since ¢ is n-almost decreasing function, then the following boundedness property of maximal
function holds.
Theorem 2. (Nakai, [18]) Let a € 2 and r > 0. If f € L9 (£2), then there exists a positive constant C, which is
independent from a and r, such that,
sup ty € Qla,n):If ) >t} < CoMIIf Nl 1o

The notation C(a, B, ..., ¥), which will be appeared in all proofs in this paper, represents the positive constant
which depends on «, 83, ..., y and can be vary from line to line in its occurrence.

Here we provide some basic advice for formatting your mathematics, but we do not attempt to define detailed
styles or specifications for mathematical typesetting. You should use the standard styles, symbols, and conventions
for the field/disciplin

RESULT AND DISCUSSION
We start defining an integral operator which will represent the weak solution of Dirichlet problem (1). Let G be
the Green function for the operator L and domain Q. For every f € L9 (), we define

u(x) = fﬂ G YOy, %)

for every x € Q.

Theorem 3. There exists a constant positive C such that,
a—2

a=2 a2z
t o |{x € 2(a,7): [uC)| >t} < ClIfIl, T (),
foreverya € R*,r > 0,and t > 0.
Proof. Letx € Q and § > 0. We have

f If(y)l_ dy:f If(y)l_ dy+f If(y)l_ dy =1, +1,
o lx—y["? a2 X =yI" 2 oBu.2s X =y 2
The estimation of I; is the following
I, < C(M)&*M(f)(x).
By using Nakai’s condition, we estimate the I, as follows

N IF )l 21 @2419)
I st VN < Z _ IFO) dy
: =] J2keslx—yl<2k+is lx —yl"=? g ™ k=1 (2Er16)m72 @(28+18) 2kss|x—y|<2ktls

“ o(t)

< COIfllue [ S
)
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< GlIfll108%,
where C, = C,(n, C;). Therefore
lf )l
J- mdy < G[8*MNH) + NIfll,106%],
0]
where €53 = C3(n, C,). To minimize this inequality, we choose

1
MO\
6= < i )

to obtain
I[f I _a_ 2
| Ty < GMA) w17
o 1x—yl

Combining this inequality and (4), we have
2

lu@)| < CGM(f))a=2|Ifl 1022
Leta € Q and r > 0 be given. Then

a-2 2
16x € e, n): @) > 81 < [fr € 2@ M@ > GET N0
holds for every t > 0. The right hand side of this inequality can be bounded by applying Theorem 2, that is,

fr € 0@ M) > b TUf )| = € AL 0

a—2
(%)
where the constant positive C independent from a, r, and t. Whence
a=2 a2
ta [{x € Qan):[u@)| >t} < Clfll 1o @ @(r).

1]

The theorem is proved. m

The following two lemmas will play important role to compute the weak derivative of u and to show that u is the
weak solutions of Dirichlet problem (1).

Lemma 1. u € L*(2).

Proof. Let r > 0. Then by compactness, there exists a natural number m, which dependsonn, and a4, a,, ..., a,, €
Qsuch that, Q € UL, B(ag, ). Thisimplies Q € UL, Q(ay, ). Since Q is bounded, then |Q(ay, )| < oo, for every
k =1,2,...,m. By the Cavelieri principle and Theorem 3, we have

f lu(x)| dx = f [{x € Q(ay, r): lulx)| > t}|dt
Q(ag,r) 0
|2 (ag,m|
- f IGx € Qa7 [u(@)| > 6ldt
0

+J- [{x € Q(ag, r): lu(x)| > t}|dt
|2 (ak,m)I

12 (ag,r)I © 2—a
Sf |Q(ay, r)|dt + C tadt
0 12 (ak.r)l
2—a
= |Q(ar, I + ClQa, )@ ™

is finite since Z?T“ +1<0.Thus

fﬂ [u(x)| dx Skzzfn

We conclude that u € L1(Q). m
Lemma 2. If ¢ € C5°(2), then uaz_g) € L'(0).
Proof. The proof immediately follows from the inequality

d¢(x) 09 (x)
J;lu(x) 5 demax‘T

X XEQN i

u@ldx < Y (1@ F + 1ol & ) <.

(ak,m) k=1

f [u(x)] dx < oo,
Q

which uses Lemma 1. m
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Now we will compute the weak derivative of u in the next lemma.
Lemma 3. The weak derivative of u is given by

du(x) 0 G o) = G (x,y) dy.
= 3| oewrony) = | ZEEr0)
Proof. Let ¢ be an arbitrary element of C5°(22). According to (6), we have

96(x) ( 20,
) d dx = ) dx |d
[ ([ senrora)Bax=[ so([ cwnax)ay

[ ([ e ax)ay

G
-- (f ;" y)f(y)dy)cb(X)dx-
Q Q

Here we use Fubini theorem which is guaranteed by Lemma 2 m
According to Lemma 1, it is enough to prove that u is the very weak solution of problem (1).

a—2
Theorem 4. The function u is the weak solution of Dirichlet problem (1) and belongs to wL a *# (12).
Proof. Let ¢ be an arbitrary element of H} (Q) n €(Q) such that L¢p € C(Q). By using the Green function property
(3) and Lemma 3, we have

_ N 96 (x,y) 3¢ (x)
| soroar=] ([ Z ay () =228 x| oy

i J

- ”Zai,«x)(f 2o ”f( iy )25 s = | z oy 9 5% D

= J u(x)Lo(x)dx.
Q

We also apply Fubini theorem in this calculation since ¢f € L1 (Q) This means that u is the very weak solution

of problem (1). Now, by virtue to Theorem 3 we see that u € wL a "’(Q) [
The last theorem below shows that modulus the gradient of the weak solution problem (1) belongs to the weak

a—2
Morrey spaces wLa=1% ().

a—2
Theorem 5. |Vu| € wLa=1%(Q).
Proof. The proof follows the same method as in Theorem 3. Let x € Q and § > 0. We have

If ) 1
f Wd < CM(f)(x)a 2||f||L1<p -a.
0]
Combining this inequality, inequality (5), and Lemma 3, we have
a-1 1

Vu()| < CM(FH)a=2||fl 10272

By applying Theorem 2, then
a2 1
ta=1l{x € Q(a,7): [Vu()| > t}| < Cllf 1l 1oe T (r).

Here the positive constant C is independent from a, r, and t. The theorem is already proved.m

CONCLUSION

The weak solution of the Dirichlet problem (1), by assuming the data is an element of some generalized Morrey
spaces, belongs to some weak generalized Morrey spaces. Furthermore, this weak solution gradient also belongs to
some weak generalized Morrey spaces.
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