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SOME NOTES ON THE INCLUSION BETWEEN MORREY SPACES

PHILOTHEUS E. A. TUERAH AND NICKY K. TUMALUN*

(Communicated by L. Liu)

Abstract. In this paper, we show that the Morrey spaces .#, (R") cannot be contained in the
weak Morrey spaces WJ//L,’; (R™) for g1 # g2. We also show that the vanishing Morrey spaces
¥ A (R") are not empty and properly contained in the Morrey spaces MERY).

1. Introduction

Let | < p<g<o and n>2. The Morrey space .#} (R") is the set of all
functions f € L! (R") for which

loc

1_1
I Lgp = sup  [BOoA) P fllreer) <o

xeR™ r>0

where

P
oo = ( [, 1£0)Pay)

Here B(x,r) is the open ball in Euclidean space R" with center x and radius r, and
|B(x,r)| denotes its Lebesgue measure. Meanwhile, the weak Morrey space w.#} (R")
is defined to be the set of all functions f € wL{ (R") for which

11
1w = E]1211P>0|B(XJ)|" P lhwer ) < oo
xeR™ r

where 1
I lwer (Bxr)) = sugt|{ye B(x,r) :|f(y)| >1t}|7,
>

and [{y € B(x,r) : |f(y)| > t}| also denotes the Lebesgue measure of the set {y € B(x,r) :
|f(y)| > 1}. Now, we define

VMR = {f € AP (RY) : lim 4 (r) = o} ,
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where
11
My(r) = sup [Bx,r)[ 77 [| fllr(Bx,r))-

xeR?
The set V. [)(R") is called the vanishing Morrey space. It is clear that 7.2/ (R") is
a subset of .2} (R").

The Morrey spaces were introduced by C. B. Morrey [1] and the vanishing Morrey
spaces were introduced in [2]. Recently, many authors are attracted in studying the in-
clusion properties between Morrey spaces [3, 4, 5, 6, 7, 8]. One interesting result stated
in [5, Remark 4.5], that is, the weak Morrey spaces W//qpl (R™) cannot be contained
in the weak Morrey spaces w.},(R") and vice versa, for distinct values ¢ and ¢5.
This statement was deduced by a characterization of inclusion between weak Morrey
spaces and its parameters, which is proved by using Closed Graph Theorem and Mor-
rey norm estimate for the characteristic functions of balls [5, Theorem 4.4]. Regarding
to the inclusion between vanishing Morrey spaces and Morrey spaces over a bounded
domain, it was stated in [9] that the vanishing Morrey spaces are properly contained in
the Morrey spaces without giving an explicit counter example.

In this paper, we will prove that the Morrey spaces ., (R") cannot be contained
in the weak Morrey spaces w.Z), (R") and the Morrey spaces .} (R") cannot be
contained in the weak Morrey spaces w.} (R"), for different values ¢; and ¢ . This
result is more general and sharp than the previous result in [5] since we can recover
that previous result and the fact that .} (R") is a proper subset of w.Z} (R") [6,
Theorem 1.2]. We also note that our method here is different than in [5] because we
give a function which belongs to .2} (R")\w.#}, (R") and a function which belongs to
AP (R")\w.#}, (R"). Furthermore, by using the idea in [8], we also show that the van-
ishing Morrey spaces 7. })(R") are non empty and properly contained in MY (R™)
by providing some examples.

The positive constant C that appears in the proofs of all theorems may vary from
line to line and the notation C = C(n, p,q) indicates that C depends only on n, p and

q.

2. A note on the inclusion between weak Morrey spaces

Letl<p<g<oand y= g < n. Define a function f : R" — R by the formula

) b y#0,
f(y)—{ 0 y—o (M

It is clear that 1 — %, < 0 and n— py > 0 by observing to the given assumptions.
The function f, that appears in Lemma 1 and 3, is defined by (1).

LEMMA 1. If x € R" and r > 0, then ||f||1r(p(xr) < Crv ™7 = Crr 4, where

C=C(n,p,q).
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Proof. Note that
[ 1rerdy= b~y | oI~y
B(x,r) {yI<h—yl<r} {he=yl<lin{lx—yl<r}
=1+1I.

Since n— py > 0, we have
1< / ly|=PYdy =C / PV g = oY
{ly[<r} 0
and
11</ |x—y|7”7dy=C/ PVl = CrPY
{lx=yl<r} 0

by using polar coordinate for radial function. Therefore

1 1
14 n__ D n_n
£l Lr (B = (/B(m |f(Y)|pd)’> <C(Cr1’ Y)p =Crr 4,

which proves the lemma. [

The following lemma is not hard to prove. We leave its proof to the reader.
LEMMA 2. Let s >0, M >0, and @ : (0,00) — [0,00). If

sup @(t) =M = sup ¢(t),

0<r<s s<t<oo
then
sup (1) =

t>0

Using the above lemma, we can compute the weak Lebesgue norm of f on the
ball B(0,r) with arbitrary radius r.

LEMMA 3. If r>0, then || f|l\r(B(0,r)) = Cr "t =Cr ath where C=C(n,p,q).

Proof. Let r be an arbitrary positive real number. Note that, for every t > 0, we
have

1
e BO.): 1f0)| >} =|{y e BOA bl <177}

= |BO.)NBO.7)|. )
We now define ¢ : (0,00) — [0,0) by the formula

() =1 [{y € BO,r): |F()] > 1}]7. 3)
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1
For every t > r~7, we obtain ¢ ¥ < r. Then

_n
=Ct 77

{y € B0, 1FO)] > 1} = [BO,r7)

by using (2). This gives us
l n
by eBON O >l =i ()" =G h, e (o) @)

_1
On the other hand, for every r < r~7, we have ¢ 7 > r. Hence

Ky € B(0,r):[f(y)| >t} = [B(O,r)| =Cr",
which comes from (2). Therefore,
Y €BO.7) : |[f0)] > 1}F =Ce(")F =Curb, e (0,577, )
We obtain

-4 -
Ct 7, Vre(r7 o)
(p(t) = 1 n _
Ct(r")p =Ctrr, Vre (0,r77].
by virtue of (4) and (5). Observing ¢ non increasing on (r~7,e0) and non decreasing
on (0,r77], since 1 — %, < 0 and % > 0 respectively, then
sup @(r)=Cr 7"h = sup o(r). 6)

reY<t<oo o<r<r=7

Thus

nyn

I £ lwer(so,) = SUg‘P(f) =Cr"r=Craty,
>

that is concluded from Lemma 2. [

By taking Lemma 2 and Lemma 3 as the tools, we are ready to state and prove the
first main result of this paper.

THEOREM 1. Let 1 < p< gy <o and 1 < p<qy<oo.If q1 #qo, then M} (R") ¢
w L, (R") and AL (R") & wa] (RY).

Proof. We will only prove that .#] (R") is not contained by w.Z}, (R"). The
proof that .2}, (R") is not contained by w.#} (R") can be done by similar method.
Let ¥ =n/q; and f; : R" — R, defined by the formula

) b, y#0,
fl()’)—{ 0. y=0.

We will show that fi € .Z) (R")\w.},(R"). Let x € R" and r > 0 be arbitrarily
given. According to Lemma 1, by replacing y with 7, we obtain

n

11 o n_n
1B, /)| P || fill o) S Criv 2rr @0 =C < oo,
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This gives us

11
1Aillay = EI;BP>O|B(xaV)|qI (| fillze B < oo
X o

since x and r are arbitrary. Whence f| € ./ (R"). By virtue to Lemma 3, we have

n_n 1 1

11 no_non_n 1_ 1
ilheag, > BOPIE P fillasisiony = Crn 7r i = ().
Hence ||f1]],. g, = This is due to arbitrary r and ¢; # g2. We conclude that

fi ¢ wat}, (R"). Thus, we have already proved that ., (R")  w.#},(R"). O

As an immediate consequence of Theorem 1, we recover the result from [5] which
is stated in the following corollary.

COROLLARY 1. Let 1 < p< gy <o and 1 < p < gy <eo. If q1 # qa, then
wh (R") & wdl,(R") and w.y,(R") & wd (R").

3. A note on the inclusion between Morrey spaces and vanishing Morrey spaces

Let 1<p<g<e and § = exp(_n—iq). Define a function g : R* — R by the

formula |
x8() P 0
s0v) = (y"ffpany)?) SR )

0, y=0,

where yp is a characteristic function defined on B = B(0,6).
The function g in the following lemma is defined by (7). This following lemma
shows that the vanishing Morrey spaces in a non empty set.

LEMMA 4. g€ V. #1(R").

Proof. Let x € R" and r > 0 be arbitrarily given. Note that

11 xB\Yy !
IB(x, )77 lgllraer)) < C / i ( )_z dy
VIShey<r [x —y|" 74 |y[ (In]y])?

x8(y)
+C</X' : =T dy)
< = 1y % (Infy])?

N{x=yl<r}
=1+ ®)

==

Now we have two cases, thatis, § <r or r < §. Assume 0 < r, then we have

x8(y) 1 < -1 >
I< —ABY) gy = — dy=C(— ), 9
/\y\« BHCT R /\y\«s P2 = \ine) ®
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and

1 1
II:/ v ) np dy g/‘ dy
TR ey 31 7 (tn]y))2 feyl<8 | = y["(In Jx —y[)2

N{jx—yl<r}
~1
=C(—= 10
(1n<6>> | {10
since 1/1"7/4(In(t))? decreasing on interval (0,8). Assume r < §. We have
1 -1 —1
K/ 7dyzc(—)<c<—), (1n
pl<r [yI*(Infy[)? In(r) In(§)
and
1= / ! i< / 1 "
PRSI ey I 7 (nfy)2 ester b=y (e —y)2

since 1/¢"7/4(In(r))? decreasing on interval (0,r) C (0,8). By virtue of (8), (9), (10),
(11), and (12), we conclude that

1.1 —1
|B(x,r)| PllgllLP(B(x,r))<I+”<C<M) ’

where C = C(n,p,q). This means g € .Z} (R"). We remaind to prove
lir%//lf(r) =0. (13)
r—!

For every 0 < r < §, we have shown that

1
“1\7
<
10175
This means (13) holds and the proof is done. [

Now we define a function that will play as an element of Morrey spaces but not in
the vanishing Morrey spaces. Let 1 < p < g < . For every k € N, with k > 3, we set
x = (27%,...,0) € R" and

wy =] BT yeBs™),
k pu—
0, y¢B(x,8%).

Define a function u : R” — R by the formula

_ <iuk(y>> . (14)
k=3

We first claim that u belongs to the Morrey spaces .77 (R").
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LEMMA 5. u € .} (R").

Proof. Let x € R" and r > 0 be arbitrarily given. There are two casses: (i) x ¢
B(x,2(475)) for every k > 3, or, (ii) x € B(x;,2(477)) for some j > 3. Assume (i)
holds. Then

247 =l < o=yl ly -l <47k

for every y € B(x,r) N B(x;,87%). This means r7 " < 4"~ ¢ )* and

P )Py < Yt
B(x,r

g
/ 8% dy
=3 B(x,r)NB(x;,8~ )

cZz (- (15)

where C depends on n. Assume (i) holds. Since {B(xt,2(47%))}1>3 is a disjoint col-
lection, then there is only one j > 3 such that x € B(x;,2(47/)) and x & B(x;,2(47%))
for every k > 3 with k # j. Note that

847dy < C < oo, (16)

/B(x,r)ﬂB(Xj,8*j) \/B(x,r)ﬂB(Xj,8*j)

where C depends on n,p, and ¢g. By virtue of (16) and the computation of (15), we
have

rT"/ u(y)[Pdy =ra™" / ug(y)dy
B(x,r) ;3 B(x,r)NB(x;,8F)

k
np
=ra / uj(y)dy
Ben () N
np __
ra / ur(y)dy
B(x,r)NB(x;,8%
k#/
<Cc+cYy 2T <o (17)
k=3
k#j

where C depends on n, p, and ¢g. Combining (16) and (17), whence

11 w_, v
B Hlil e =€ (77 [ utiray) " <0<

where C depends on n, p, and q. Therefore u € .#} (R"). O

The following theorem states that the vanishing Morrey spaces is a non empty
proper subset of the Morrey spaces. This theorem is the second main result in this

paper.
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THEOREM 2. Let 1 < p < g <eoo. Then ¥ .#}(R") is a non empty proper subset
of AL (R").

Proof. According to Lemma4, 7./ (R") is non empty, and according to Lemma
5, the function u# belongs to //l,f (R"™). Therefore, we need only to show that u does
not belong to ¥.#}(R"). Let 0 < r < 1. By the Archimedan property, there is an
integer k > 3 such that 8 ¥ < r. Then

() =t [ urdyzc [ by
‘ B(xy,r) B(x;,87F)
e s%kdpcs*""/ ldy=C >0,
B(xk,8’k) B(xk,S*k)

where C depends on n. This means .#;(r) is bounded away from zero as r tends to
zero. Thus u ¢ V. #5(R"). O
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