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FEFFERMAN’S INEQUALITY AND APPLICATIONS IN
ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

NICKY K. TUMALUNY* DENNY I. HAKIM?, and HENDRA GUNAWAN?3

ABSTRACT. In this paper we prove Fefferman’s inequalities associated to po-
tentials belonging to a generalized Morrey space LP'¥ or a Stummel class
Se.p- Our results generalize and extend Fefferman’s inequalities obtained in
[2, 4, 10, 30]. We also show that the logarithmic of non-negative weak solu-
tion of second order elliptic partial differential equation, where its potentials
are assumed in generalized Morrey spaces and Stummel classes, belongs to the
bounded mean oscillation class. As a consequence, this elliptic partial differ-
ential equation has the strong unique continuation property. An example of
an elliptic partial differential equation where its potential belongs to certain
Morrey spaces or Stummel classes which does not satisfy the strong unique
continuation is presented.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let 1 < p < oo and ¢ : (0,00) = (0,00). The generalized Morrey space
LP? .= [P¢(R"™), which was introduced by Nakai in [20], is the collection of all
functions f € Lt (R™) satisfying

loc

P

1flloms == sup | —— / Fldy | < oo

zER™ r>0 (p(?”)
le—y|<r
Note that LP¥ is a Banach space with norm || - ||zs.e. If @(r) = 1, then LP¥ = LP.
If p(r) = r", then LP¥ = L. If p(r) = r* where 0 < A\ < n, then LP¥ = [P is
the classical Morrey space introduced in [18].
We will assume the following conditions for ¢ which will be stated whenever
necessary.

(1) There exists C' > 0 such that
s <t=p(s) < Coy(t). (1.1)
We say ¢ almost increasing if ¢ satisfies this condition.

(2) There exists C' > 0 such that

s<t=

90;? > Cgpt(j). (1.2)

We say ¢(t)t~" almost decreasing if p(t)t~" satisfies this condition.
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(3) For 1 < a <mn, 1 <p< %, there exists a constant C' > 0 such that for
every ¢ > 0,

oo

p(t) P(1-a)
/W dt < Coz . (13)

5
This last condition for ¢ will be called Nakai’s condition.

One can check that the function ¢(t) = ¢"*P, t > 0, satisfies all conditions

(1.1), (1.2), and (1.3). Moreover, for a non-trivial example, we have the function

wo(t) = log(p(t) +1) = log(t"*? 4 1), t > 0, which satisfies all conditions above.
Let M be the Hardy-Littlewood maximal operator, defined by

M) = swp e [ 1wl dy

B(z,r)

for every f € L _(R"). The function M(f) is called the Hardy-Littlewood

loc
maximal function. Notice that, for every f € LV (R™) where 1 < p < oo,

loc
M (f)(z) is finite for almost all z € R™. Using Lebesgue Differentiation Theorem,
we have

1 (@)] = lim ——

r—0 W B(z,r) ‘f(y>| dy = 71"1—r>r(l) M(f)(l’) - M(f)(l’), (14)

for every f € L] _(R™) and for almost all x € R™. Furthermore, for every f €
LY (R™) where 1 < p < oo and 0 < v < 1, the nonnegative function w(z) :=

[M(f)(z)]" is an A; weight, that is,
M(w)(x) < C(n, y)w(x).

These maximal operator properties can be found in [11, 26].

We will need the following property about the boundedness of the Hardy-
Littlewood maximal operator on generalized Morrey spaces LP*¥ which is stated
in [20, 21, 24], that is,

M (f)lzee < C(n, )| fllre,

for every f € LP¥, where 1 < p < oo and ¢ satisfies conditions (1.1) and (1.2).
Note that in [20], the proof of this boundedness property relies on a condition
about the integrability of ¢ ()t~ over the interval (§,00) for every positive
number 9.

Let 1 <p<ooand 0 < a<n. For Ve L} (R"), we write

loc
P

V(v)|?
Na,pV (1) == sup / Ly”_dy ., r>0.
zeR? |Zl§' - y|n «
r—yl<r
We call 7,,V the Stummel p-modulus of V. If n,,V(r) is finite for every
r > 0, then 7,,V(r) is nondecreasing on the set of positive real numbers and
satisfies

NapV (2r) < C(n,a)na,V(r), r>0.
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The last inequality is known as the doubling condition for the Stummel p—modulus
of V' [28, p.550].
For each 0 < a <mand 1 < p < oo, let

Sap:={V € L2 _(R") : 14,V (r) < cofor allr > 0}

loc

and
Sap = {V € Ll(R") : 10V (r) < 00 for all 7 > Dand lim 1,V (r) = 0}

loc
The set S, ,, is called a Stummel class, while S’a,p is called a bounded Stummel
modulus class. For p = 1, S, := S, are the Stummel classes which were
introduced in [6, 23]. We also write ga,l = S, and Na1 = No. It was shown
in [28] that S,, contains S,, properly. These classes play an important role in
studying the regularity theory of partial differential equations (see [2, 3, 6, 26, 30]
for example), and have an inclusion relation with Morrey spaces under some
certain conditions [2, 23, 27, 28].
Now we state our results for Fefferman’s inequalities:

Theorem 1.1. Let 1 <a <n, 1 <p <2, and ¢ satisfy conditions (1.1), (1.2),
(1.3). If V € LP%, then

/\u(x)|a\V(x)|dx§C’]|V]|Lp,ga/|Vu(:c)|adx (1.5)

R R
for every u € C3°(R™).

Theorem 1.2. Let 1 <p< oo, 1 <a<2, anda<n. If V € Smp(R”), then
there ezists a constant C := C(n,«) > 0 such that

[ W@ree de < ChngViy [ 19u@)" .
B(:C(),T’o) B(:C(),T())
for every ball By := B(xg,r9) C R™ and u € C§°(R™) with supp(u) C By.

Remark 1.3. The assumption that the function u belongs to C§°(R") in Theorem
1.1 and Theorem 1.2 can be weakened by the assumption that w has a weak
gradient in a ball B C R™ and a compact support in B (see [29, p.480]).

In 1983, C. Fefferman [10] proved Theorem 1.1 for the case V € LP"~?P where
1 < p < 4. The inequality (1.5) is now known as Fefferman’s inequality.
Chiarenza and Frasca [4] extended the result [10] by proving Theorem 1.1 under
the assumption that V' € LP"™*P where 1 < a <nand 1 < p < Z. By setting
©(t) =t""°" in Theorem 1.1, we can recover the result in [4] and [10].

For the particular case where V € Sy, Theorem 1.2 is proved by Zamboni [30],
and can be also concluded by applying the result Fabes et al. in [9, p.197] with
an additional assumption that V' is a radial function. Recently, this result is
reproved in [2]. Although S, C Sy whenever 1 < o < 2 [28, p.553], the authors
still do not know how to deduce Theorem 1.2 from this result.

It must be noted that Theorems 1.1 and 1.2 are independent each other, which
means that LP"P where 1 < o <nand 1 < p < Z, is not contained in S, .
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Conversely, S, is not contained in LP"~°P. Indeed, if we define V; : R" — R by
the formula Vi(y) := |y|=% then Vi € LP"*P but Vi ¢ S,,. For the function
Vo : R™ — R which is defined by the formula Va(y) := |y|_%, we have Vy € S,
but V, ¢ LPm—oP,

In order to apply Theorems 1.1 and 1.2, let us recall the following definitions.
Let 2 be an open and bounded subset of R". Recall that the Sobolev space

ou
H'Y(Q) is the set of all functions v € L*(€2) for which £ € L*(Q) for all i =

1,...,n, and is equipped by the Sobolev norm
8u

’l

||U||H1(Q ||U||L2
LQ(Q)

The closure of u € C§°(€) in H'(€2) under the Sobolev norm is denoted by H} ().
Define the operator L on H}(f2) by

)
Lu = — — | a; 1.6
' i;l&zi(Ja )+ o
where a;; € L>(2), b; (4,5 =1,...,n) and V are real valued measurable functions
on R™. Throughout this paper, we assume that the matrix a(z) := (a;;(x)) is
symmetric on ) and that the ellipticity and boundedness conditions
NEE < 3 ay ety < AeP (1.7)

ij=1
hold for some A > 0, for all £ € R", and for almost all z € .
There are two assumptions on the potentials of the operator L (1.6) in this
paper. We assume either:
¢ satisfies (1.1), (1.2), (1.3) (1 < a < 2),
VelPv i=1,...,n, (1.8)
Ve LPe 0 Li (R"),
or,
1<a<?2,
veS,i=1,...,n, (1.9)
VeS,.
We say that v € H} () is a weak solution of the equation

Lu=0 (1.10)

- ou oY " Ou
O i,j=1 i=1
for all v € H}() (see the definition in [2, 7, 30]). Note that, for the case

a = 2, the equation (1.10) was considered in [2, 30]. If we choose b; = 0 for all
i=1,...,n, then (1.10) becomes the Schrédinger equation [3].
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A locally integrable function f on R” is said to be of bounded mean oscil-
lation on a ball B C R" if there is a constant C' > 0 such that for every ball
B’ C B,

— feldy < C.
&7 [ 1) = frkdy <
B/
We write f € BMO(B) if f is of bounded mean oscillation on B. Moreover, if
1 < o < 00 and there is a constant C' > 0 such that for every ball B’ C B,

@

|B,/|f ~ folrdy | <,

we write f € BMO,(B). By using Holder’s inequality and the John-Nirenberg
theorem (we refer to [22] for more detail about this John-Nirenberg Theorem),
we can prove that BMO,(B) = BMO(B).

As an application Theorems 1.1 and 1.2 to equation Lu = 0 (1.10), we have
the following result.

Theorem 1.4. Let u > 0 be a weak solution of Lu = 0 and B(x,2r) C Q where
r < 1. Then there exists a constant C > 0 such that

1

m / ‘logu%—é)—log(u%—é xr} dy < C,

B(z,r)
for every & > 0.

Theorem 1.4 tells us that log(u + 0) € BMO,(B), where B is an open ball
which is contained in €2, and v is the non-negative weak solution of equation
Lu = 0, given by (1.10). Under the assumptions that b? and V belong to Sy,
Theorem 1.4 is obtained in [3] for the case Schrédinger equation (b; = 0) and in
(30, 2] for the case Lu = 0 (b; # 0). To the best of our knowledge, the assumptions
in (1.8) have never been used for proving Theorem 1.4 as well as the assumption

€ [1,2) in (1.9).

Let w € LL (Q) and w > 0 in Q. The function w is said to vanish of infinite

order at xg € Q) if

1
lim ————— / w(x)dr =0, Vk > 0.
P (Bl " (@)

B(zo,r)

The equation Lu = 0, which is given in (1.10), is said to have the strong unique
continuation property in Q if for every nonnegative solution u which vanishes
of infinite order at some xy € €2, then u = 0 in B(zg,r) for some r > 0. See this
definition, for example in [12, 15, 16].

Theorem 1.4 gives the following result.

Corollary 1.5. The equation Lu = 0 has the strong unique continuation property
in §2.
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This strong unique continuation property was studied by several authors. For
example, Chiarenza and Garofalo in [4] discussed the Schrédinger inequality of
the form Lu+ Vu > 0, where the potential V belongs to Lorentz spaces L2>°(().
For the differential inequality of the form |Au| < |V||u| where its potential also
belong to Lz (), see Jerison and Kenig [15]. Garofalo and Lin [12] studied the
equation (1.10) where the potentials are bounded by certain functions.

Fabes et al. studied the strong unique continuation property for Schrodinger
equation —Au + Vu = 0, where the assumption for V' is radial function in Sy [9].
Meanwhile, Zamboni [30] and Castillo et al. [2] also studied the equation (1.10)
under the assumption that the potentials belong to Sy. At the end of this paper,
we will give an example of Schrédinger equation —Awu + Vu = 0 that does not

satisfy the strong unique continuation property, where V € LP"=# or V € 55 for
all g > 4.

2. PROOFS

In this section, we prove Fefferman’s inequalities, which we state as Theorems
1.1 and 1.2 above. First, we start with the case where the potential belongs to
a generalized Morrey spaces. Second, we consider the potential from a Stum-
mel class. Furthermore, we present an inequality which is deduced from this
inequality:.

2.1. Fefferman’s Inequality in Generalized Morrey Spaces. We start with
the following lemma for potentials in generalized Morrey spaces.

Lemma 2.1. Let 1 < p < oo and ¢ satisfy the conditions (1.1) and (1.2). If
1
1<y <pandV € LP?, then [M(|V|")]> € Ay N LP?,

Proof. According to our discussion above, [M (|V|’Y)]% € A;. Using the bound-
edness of the Hardy-Littlewood maximal operator on generalized Morrey spaces,

we have )

1 ES
M AV zee = [MAVID 5, < ClIV][1ee < 00
Therefore [M(|[V|")]7 € L. O

Using Lemma 2.1, we obtain the following property.

Lemma 2.2. Let ¢ satisfy the conditions (1.1), (1.2), and (1.3). If V € LP¥,
then

/R W4 < O, 0, p) [VIE o MV (@) 5

n |z =yt
Proof. Let 6 > 0. Then

V \% \%
/ | (yl|_1 dy:/ | (yl|_1 dy+/ | (yl|_1 d. (21)
|z =y lz—y|<§ |z —y lz—y|>6 |z —y]

Using Lemma (a) in [14], we have

/ VWL < comon @ (2.2)
|

rz—y|<d |LL’ - y‘n—l
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For the second term on the right hand side (2.1), let ¢ = n — £(a 4 1), we use
Holder’s inequality to obtain

V y V ||z — 941—n
J L Ry U e
|x—y|>d ‘ZL’ - y| |z—y|>0 |LE - y‘p
1
V D P
< (/ V(y)l dy)
lo—y|>6 1T — Yl
([ eeaEea) T e
|lz—y|>d

Note that Nakai’s condition gives us

/ Z/ VP dy
lr—y|>5 |$ - y\q 2§<|z—y|<2E+15 |z —yla

<OV, / P 4y

ta+1

< OV |[Lped" P70 (2.4)
Since n+ (1 +1 —n)(;5;) <0, we obtain
/ v =y T dy = Cln,p, )™ GG (25)
|z—y|>8
Introducing (2.4) and (2.5) in (2.3), we have

p—1

V 1 n+(L4+1—n)(—L- 2
/| | W' (‘l‘ Ly < OV (57707)7 (576G
r—y|>

= O||V||pred* ™. (2.6)
From (2.6), (2.2) and (2.1), we get
;Lyﬁjl dy < CM(V)(x)§ + C||V || pped' ™ (2.7)
Rn -

For 6 = ||V||§p,¢[M(V)(x)]_E, the inequality (2.7) becomes
) - -
/R Wd y < CIMWV) (@) 5[V ][50 = CIM(V)(@)] "5 [V [ 7.0
Thus, the lemma is proved. (]

Now, we are ready to prove Fefferman’s inequality in generalized Morrey spaces.

Proof of Theorem 1.1. Let 1 < v < p and w := [M(\VP)]% Then w €
Ay N L% according to Lemma 2.1. First, we will show that (1.5) holds for w in
place of V. For any u € C3°(R"™), let B be a ball such that u € C§°(B). From
the well-known inequality

o) < [ WVuloll (2.8)

o|x_y‘n !
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Tonelli’s theorem, and Lemma 2.2, we have

Rn|u($)|aw(gj)d$:/ |u(2)|*w(z)dx
/(/ o |g;‘a_1‘|yul )| y) lw(x)|dx

SC||w||zp,¢/BIU(x)I“‘1|VU(I)|[M(w)(x)]aaldff- (2.9)

Holder’s inequality and Lemma (2.1) imply that

/B|U(:)3)|O‘_1|Vu(:):)|[M(w)(z)]aaldI - (/ |Vu(x)|adz)é
(/ [u@)[* M (w)( )dx) -
=C (/BWU(Q:)I“CZ:U)_

X (/ |u(z)|“w(z) dz) o (2.10)
B
Substituting (2.10) into (2.9), we obtain

[t < Clul ([ 1906 \adx) ([ i )

Therefore

1

lu(z)|“w(x)dr < C||w||Lp,w/ |Vu(x)|* de.
B

R

By (1.4), we have |V (z)| = [|V(:E)|V]% < [M(|V(x)|7)]% = w(x). Hence, from the
boundedness of the Hardy-Littlewood maximal operator on generalized Morrey
spaces and Lemma 2.1, we conclude that

u(@)|*|V(z)|de < | |u(z)|*w(z)dz
R™ R™
< C||w||Lp,¢/ |Vu(x)|* dx
B
< CIVeee | |Vu(z)|* da.
Rn
This completes the proof. O

We have already shown in Theorem 1.1 that Fefferman’s inequality holds in
generalized Morrey spaces under certain conditions.
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2.2. Fefferman’s Inequality in Stummel Classes. We need the following
lemma to prove Fefferman’s inequality where its potentials belong to Stummel
classes. For the case a = 2, this lemma can also be deduced from property of the
Riez kernel which is stated in [17, p. 45].

Lemma 2.3. Let 1 < a < 2 and v < n. For any ball By C R", the following
inequality holds:

1 C
/ = dy < ————— o x,2 € By, x#z.
o le—ylerz =yt |z — 2[==1"

0

Proof. Let r := |z — z|. Then

1 > 1
[ —= wed [ = dy
Bo |x —y|o=T]z — y[" ! o2 JYr<|e—yl<2tir |z — yloTT]z — y|n Tt

1
+/ n—1 dy
|z—y|<4r |;U — y‘a—l |Z _ y‘n—l

— I+ L. (2.11)

For I, we get

o
1
[1 - / n—1
j=2 23'7‘S‘x—y‘<2j+17‘ |(L‘ — y‘ﬁ ‘Z _ y|’ﬂ—1

> — A (2.12)

= (297) a1 Jo2ir<|u—y|<2it1r |z —y|"?

Note that, 2/r < |z — y| < 2/T!r implies 2/r < |z — y| < 2r + |2 — y|. Therefore
2071y < 29y — 2r < |z — y|. Hence the inequality (2.12) becomes

L < ﬁ/ dy
Z (207)o=1 J2ir<|e—y|<2itir |z —y["t

7j=2
< C(n,a) i L ! / 1 dy
N ’ j=2 (QJT)Z_j (2jr>n—l 20r<|z—y|<29t1r
< C(n,a) ! f: ! (2.13)
n? « n— n— N °
B (==t i @)
Since 2= — 1 > 0, the last series in (2.13) is convergent. This gives us

1 _ COn,a)

()T Jr— e

[1 S C(nv Oé)

(2.14)
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For I, we obtain

1 1
b= / =1 dy +/ n-1 dy
le—yl<r |2 — yloT [z —y[" rele—yl<ar [z — y|a=T]z — y["!

1 C(n, )
<C(n, o) —=— = =T (2.15)
ra—l ‘x — Z‘ a—1
Combining (2.11), (2.14), and (2.15), the lemma is proved. O

The following theorem is Fefferman’s inequality where the potential belongs to
a Stummel class.

Proof of Theorem 1.2. The proof is separated into two cases, namely o = 1
and 1 < a < 2. We first consider the case a = 1. Using the inequality (2.8)
together with Fubini’s theorem, we get

Viz)P
@V de<C [ Vu) [ O
Bo By Bo |ZE - y|
P
<o [ v [ HOE day
Bo B(y,2r0) |LE - y‘n—

It follows from the last inequality and the doubling property of Stummel p-
modulus of V' that

dxdy

u(@)|[V@)P o < CnapV (o) [ [Vu(@)] de,
Bo BO
as desired.
We now consider the case 1 < a < 2. Using the inequality (2.8) and Holder’s
inequality, we have

w@le VP d<c [ va) [ MO IVOF

|
Bo Bo B, |lr—y|"?

dx dy

1

<o : |Vu<y>\a); (f Py dy)a“ (@16)

where F(y) ;:/ |u(z)[* [V (z)[?

— dr, y € By. Applying Holder’s inequality
Bo |z =y

again, we have

o= () (], )
so that

N p o a p
[ Feaye [ ([ O )T vy,
Bog Bo Bg |,',U - y‘n_ Bg ‘Z - y|n_

_ /B (=) |V (2)PC(z) dz, (2.17)
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‘V(x>|p a—1
here G(z) = d d By. B
where Gi2) /Bo </Bo [z =y ]z — y[DED & s

virtue of Minkowski’s integral inequality (or Fubini’s theorem for @ = 2), we
see that

a—1
Gt < | V)P ( / _— 1 dy> dz. (2.18)
By By [z — yl-t]z —y["~

Combining (2.18), doubling property of Stummel p-modulus of V', and the in-
equality in Lemma 2.1, we obtain

G(z) < C (/B % da:) o < ClnapV (ro)] 7. (2.19)
Now, (2.17) and (2.19) give
; |F(y)[77 dy < Clna,V(ro)]a ; u(@)[*|V (2)[" dx. (2:20)

Therefore, from (2.16) and (2.20), we get

; Ju(2)|*|V ()| dx

< CluaaV o)l ( [ vutor dx)i( CRCTL )" e

Dividing both sides by the third term of the right-hand side of (2.21), we get the
desired inequality:. O

Let B be an open ball in R™. If u has weak gradient Vu in B and u is integrable
over B, then we have the sub-representation inequality

[Vu(y)]

— <
u(e) — sl < C(n) [ vy,

€ B, (2.22)
1
where up = E/ u(y)dy. Using the inequality (2.22) and the method in the
B

proof of the previous theorem, we obtain the following result.

Theorem 2.4. Let 1 < p < oo, 1 < a <2, and a < n. Suppose that u has
weak gradient Vu in By = B(zo,7m0) € R™ and that u is integrable over By. If
V €S, then

/ (@) — (e ry |1V (@)Pdz < C fayV (ro)]” / Vu(a)|dr,
By

Bg
where C := C(n,a).
Remark 2.5. Note that the case o = 2 is exactly the Corollary 4.4 in [2].
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3. APPLICATIONS IN ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

The two lemmas below tell us that if a function vanishes of infinity order at
some x € 2 and fulfills the doubling integrability over some neighborhood of x,
then the function must be identically to zero in the neighborhood.

Lemma 3.1 ([13]). Let w € Li. () and B(xo,r) C Q. Assume that there exists
a constant C' > 0 satisfying

/ w(z)dx < C / w(z)dr.
B(zo.) B(30.5)
If w vanishes of infinity order at xq, then w =0 in B(xg,r).

Lemma 3.2. Let w € L _(Q) and B(zo,r) C Q, and 0 < 8 < 1. Assume that

loc
there exists a constant C' > 0 satisfying

/ w’(z)dr < C / w” (x)dz.
B(z0.3)

B(Z‘o,?“) {E(),%

If w vanishes of infinity order at xo, then w =0 in B(zg, ).

Proof. According to the hypothesis, for every j € N we have

/ wP(z)dr < 01/ w?(z)dx
B(zo,r) B(zo,271r)

< C? / w’(z)dx
B(z0,272r)

< Cj/ wP(z)dx.
B(z0,2797)

Holder’s inequality implies that

B 1. _ 1 |B(.§L’0 2_j7”)|k
o) < (@ 1Ban 2 g B [ ()
w’(x)dx | < xg,277r . w(z)dz.
(/B(xo,r) ’ ‘B(Io, 2_JT)V€+1 B(z0,2797)
(3.1)
Now we choose k > 0 such that C52% = 1. Then (3.1) gives
1

(/ wﬁ(x)dx) "< (v r")%+k(2_%)j ! . / w(z)dr

B(zo,r) N ‘B(Io, 2_]T>|k+1 B(z0,279r) ’
(3.2)
where v,, is the Lebesgue measure of unit ball in R™. Letting 7 — oo, we obtain
from (3.2) that w® = 0 on B(x,r). Therefore w = 0 on B(zg, 7). O

The following lemma is used by many authors in working with elliptic partial
differential equation (for example, see [2, 3, 5, 30]). This lemma and the idea of
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its proof can be seen in [19]. We state and give the proof of this lemma, since it
had never been stated and proved formally to the best of our knowledge.

Lemma 3.3. Let w : Q — R and B(x,2r) be an open ball in Q. If log(w) €
BMO(B) with B = B(x,r), then there exist M > 0 such that

/ wdy < M 2 / wdy
B(xz,2r) B(z,r)

/ wdy < Mz / w dy.
B(z,2r) B(z,r)

Proof. By John-Nirenberg Theorem, there exist § > 0 and M > 0 such that

( /B exp (3| log(w) — log(w)s|) dy)2 < M?|BJ%. (3.3)

Assume that § < 1. Using (3.3), we compute

(o) (o)
= ([ exvistostonay ) ([ ex(-s1ogunay)

_ ( | explstogu) - 1og<w>B>>dy) ( | exp(=pliost) - 1og<w>B>>dy)

for some 0 < <1, or

< (/B exp(f|log(w) —log(w)Bl)dy)2 < M?|BJ?,

which gives

(/ w‘ﬁdy) < M|Bj| (/ wﬁdy) < M|B| (/ wﬁdy) . (3.4)
B B B(z,2r)

Applying Holder’s inequality and (3.4), we obtain

|1B| < / wgu_gdy < (/ wﬁdy) (/ w_ﬁdy)
B B B
< M|B| (/ wﬁdy) (/ wﬁdy) . (3.5)
B B(z,2r)

From (3.5), we get
/ wﬁdySM%/ wﬁdy.
B(xz,2r) B(z,r)

For the case > 1, we obtain from the inequality (3.3) that

(/B exp(|log(w) — log(w)sl) dy)2 < (/B exp(f|log(w) — log(w)p|) dy)2
< M?* B

(NI
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Processing the last inequality with previously method, we get

/ wdy < M / w dy.
B(xz,2r) B(z,r)

The proof is completed. O

NI

Theorems 1.1 and 1.2 are crucial in proving Theorem 1.4.

Proof of Theorem 1.4. Given § > 0 and let {uy}32, be a sequence in C§°(£2)
such that limy_,o ||ux—u|/ 1) = 0. By taking a subsequence, we assume u+0 —
u+0 ae. on Q (see [1, p.94] or [8, p.29]) and u, + 6 > 0 for all k € N, since
u > 0.

Let ¢ € C5°(B(x,2r)), 0 <o <1, |Vy| < Cyr~!, and ¥ := 1 on B(z,r). For
every k € N, we have v /(uy 4+ 0) € H}(Q2). Using this as a test function in
the weak solution definition (1.11), we obtain

®e
(uk + 5)

ou ,¢a+1 ¢a+1
+Z/ "0 (uy + ) +Q/Vu(Uk+5). 30

wa—l—l B
e (a+1)/<aVu Vi)

/ (aVu, V(s + 6))

Q

Since supp(v)) C B(x,2r), the inequality (3.6) reduces to

¢a+1 B wa
/ (aVu, V(uk + 5)> m = (CY + 1) / <GVU> V¢> (Uk + 5)
B(z,2r) Ba2r)
au ¢a+1
T Z / (%Z uk + 5)
(z,2r)
¢a+1
+ / Vu (ur 1 0) (3.7)

B(z,2r)

We will estimate all three terms on the right hand side of (3.7). For the first
term, according to (1.7), we have

| (aVu, V) | < X7Vl VY. (3.8)
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Combining Young’s inequality ab < ea® + ib2 for every € > 0 (a,b > 0) and the
inequality (3.8), we have for every e > 0

) [ ety catesn [ ol

B(xz,2r) B(xz,2r)

A Ha+1
e
€
B(z,2r)
. V(u+9)
< 1 1 ‘ a+1
sex(erl) / (ur t 02 "

B(z,2r)

A a+1) )
) Y

B(x,2r)

To estimate the second term in (3.7), we use Holder’s inequality, Young’s inequal-
ity and Theorem 1.1 or Theorem 1.2, to obtain

=

2 2

/ b% WXH < / \VU|2 wa—i—l / bZ,¢o¢+l
Zal’i (uk + 5) B (uk + 5)2 !
B(z,2r) B(z,2r) B(z,2r)
€ |Vul? a1 / 5
e S B Y — biy”
n / (uy + 5)2¢ * dne v
B(x,2r) B(z,2r)
€ |Vu|? 1,
< — AN S g / V|« 3.10
<t [ SEErt e gect [ e G
B(x,2r) B(x,2r)
for every i = 1,...,n, where the constants C{’s depend on n,q, ||b?| s or
Nab?(ro). From (3.1 ) we have

Z = T — o (311
/ “Oai (up+0) ¢ / o T / Vele, (3.11)
B(ZE 27‘ (:v,27“) B(w,27")

where Cy depends on max{C}}. The estimate for the last term in (3.7) is

wa—i—l / (u_|_5)
Vu—— < V——7=1°. 3.12

/ u(uk+5) - (uk—i-é)w ( )
B(xz,2r) B(x,2r)
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Introducing (3.9), (3.11), and (3.12) in (3.7), we get

wa—i—l
B(x,2r)
_ V(u+9)|? A a+1)
< e 1 1 | a+1 / 2
caorn [ e 20 [
B(z,2r) B(z,2r)
|V(U+5)|2 a+1 1 / o / (u_'_(S) [
e / oy U TS [ W VS
B(z,2r) B(z,2r) B(z,2r)
(3.13)
for every k € N.
Since (ur +0) = (u+9) a.e. in Q and u+ ¢ > 0, then
1 1 .
(0 1 0) — W10 a.e. inf (3.14)
For j,i =1,...,n, we infer from (3.14)
O(u+9) ou 1 HNu+6) ou 1 ,
.e. in B(z,2r). 1
Oxj  Ox; (uy, +0)? -~ dx;  Ox; (u+0)? a.e. in Bz, 2r) (8.15)
For every k € N, we have
Iu+0d)ou 1 Iu+0)||dul| 1 (3.16)
Or; Ox; (ug+9)%| — | Oux, Ox; | 62’ ’
and
Au+)||ou| 1 1| Ou ou
— <= 1
/ ‘ Ox; ' Ox;| 62 = 62 || Ox; 12(@Q) 0x; 12(Q) < %, (3.17)

x,2r

since u € H}(2). The properties (3.15), (3.16), and (3.17) allow us to use the

Lebesgue Dominated Convergent Theorem to obtain
1 1
lim O(u+9) ou ~ O(u+t9) Ou 0 (3.18)
k=00 Or;  Ox; (uy, +0)? Or; Ox; (u+9)?
B(z,2r)
By Holder’s inequality, we also have
/ A up, +6)  O(u+9)\ du 1
0z; 0z; O0x; (u + 9)?
B(z,2r)
1 ||9(ug +6)  O(u+9) ou
BCE O du; L2(B(z,2r)) O L2(B(x,2r))
L[| Re)_ O full
02| Oz 0% || o praan) e
1
< 52 [Jur — UHHl(Q) H“HHl(Q) (3.19)
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for all k£ € N. Since limy_,o ||ur — u|| g1 = 0, from (3.19) we get

(0(uk—|—5) a(u+5)) ou 1

or; Oz, 0x; (ug, + 6)?

lim
k—00
B(xz,2r)

—0. (3.20)

Note that
/ au%@(u;ﬂLé) Ppott _auﬁﬁ(ujLé) Yot
Baary | O0r;  Or;  (wp+0)>  Yor; 0Or; (u+0)?
< |aijl L () / Ou O(ug +9) 1 COudutd) 1
- B |0 Ovy  (up+06)*  Ox; Ox;  (u+0)>?
- llaijl Lo (o) / '8(u +0) du 1 ~Ou+0)du 1
- 02 Ox;  Ox; (uy +0)? Or; Ox; (u+9)2

B(z,2r)

+||aij||L°°(9) / ‘(5(Uk+5) 5(U+5)) ou 1

02 (9:17]- B (9:17]- a—l'z(Uk +5)2

. (321)

B(z,2r)
for all £ € N. Combining (3.18), (3.20), and (3.21), we have

wa—l—l
lim aVu,V(ug+90)) ——
k—oo B(z,2r) < ( g )> (Uk + 5)2

[ s o
N B(a,2r) YO0x;  Ox;  (up+9)?

/ o, Juou+9) o
B B(x,2r) Z]azi azj (u+5)2

i,j=1
wa—l—l

_ /B Ll Vo) e

(3.22)

From (3.14),
[V (u+ 5)I2¢a+1 L IVt o)P
(ug 4 0)? (u+9)?
For every k € N, we have
[V(u+0)?
(ug + )2

Yt ace. in B(w, 2r). (3.23)

o 1
Pt < §|V(u +6)|?, (3.24)
and . .
B(xz,2r)

since u € H}(Q). Therefore, by (3.23), (3.24), (3.25), and Lebesgue Dominated
Convergence Theorem,

li
lm [
B(x,2r) B(z,2r)

Rl Rt D

(u+6)2
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We also have

(u+9)
(uk -+ 5)

(u+9)
(u+9)

Y* =V Y = Vyp* ae. in B(x,2r) (3.27)
because of (3.14). For every k € N, we have

1
< Z|VIju+ ). (3.28)

‘ <u+5>¢a

(uk + 5)

If the assumption (1.8) holds, then

1 1
_ < Z
[ sviusa<s [ Wi+

B(z,2r) B(z,2r)

1
2

1
<3 /|w2 /|u+5|2 <o (3.29)

B(x,2r) B(x,2r)

[NIE

since V' € Lj (R) and w € Hy(Q2). On the other hand, if the assumption (1.9)

holds, then V' € S, C S; by virtue to [28, p.554]. Therefore, using Theorem 1.2
we have

1 1 1
Z < = & 2
[ sviwsass [ wiegs [ viuss

B(x,2r) B(xz,2r) B(x,2r)
1 1
<5 [ Wi gComve) [ 1viP <o, (330
B(xz,2r) B(x,2r)

since v € H}(R2). Combining (3.27), (3.28), (3.29) or (3.30), we can apply the
Lebesgue Dominated Convergence Theorem to have

. (Wt9) o_ / o
lim / o L V. (3.31)
B(z,2r) B(x,2r)

Theorem 1.1 or Theorem 1.2 allow us to get the estimate

/VwagCg) / V|, (3.32)

B(xz,2r) B(xz,2r)

where the constant Cs depends on n, «, and ||V||e.e or 9,V (19). Letting k — oo
in (3.13) and applying all informations in (3.22), (3.26), (3.31), and (3.32), we



FEFFERMAN’S INEQ. AND APPL. IN ELLIPTIC PDES 19

obtain
¢a+1
/ aVu, Vi +8)) (u+ )2
B(x,2r)
- V(u+9)? A Ha+1)
< >\ 1 1 |7 a+1 o\ / 2
<ed (a+1) / OEE VI — VY|
B(z,2r) B(x,2r)
Pt lmsto [ worsa [ wor
te / (u+0)? ¥ +4€C2 VY[ + Cs Vy|*. (3.33)
B(x,2r) B(x,2r) B(z,2r)

Notice that

P s g
L S Y e <
A / (10 P < (aVu, V(u+90)) OETE
B(x,2r) B(z,2r)

A2 the in-

by the ellipticity condition (1.7). Moreover, by choosing € := %m,

equality (3.33) is simplified by
\Y 9)|?
[ B o [ wepee [ wer e
B(z,2r) (U + 5) B(z,2r) B(z,2r)

where the constant Cy depends on o and A, while the constant C5 depends on C,
and Cj. Therefore, (3.34) implies

Vu+ 0l o
Vlog(u+ 6 23/ R
/B(x,r) ‘ ( )‘ B(x,2r) (u + 5)2

<G vepscf [vup
B(x,2r) B(x,2r)
<(C (7“_27"" + r‘o‘r”) = COr=2rm.

The last constant C' depends on Cy and C5. From Hélder’s inequality,

2
1 o 1
([ Wostus o) < 5 [ Wogu o < cr,
r B(z,r) r B(z,r)
whence

1
— |V log(u +0)|* < Cr™°. (3.35)
r B(z,r)

By using Poincaré’s inequality together with the inequality (3.35), the theorem
is proved. ]

By virtue of Theorem 1.4, we have the following corollary.

Corollary 3.4. Let u > 0 be a weak solution of Lu =0 and B(z,2r) C ) where
r < 1. Then, for every § > 0, log(u + ) € BMO,(B(x,r)).

Gathering Lemma 3.1, Lemma 3.2, Lemma 3.3, and Corollary 3.4, we obtain
the unique continuation property of the equation Lu = 0 stated in Corollary 1.5.
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Proof of the Corollary 1.5. Given z € Q and let B := B(x,r) be a ball where
B(z,2r) C Q and r < 1. Let {6;} be a sequence of real numbers in (0, 1) which
converges to 0. From Corollary 3.4, we get log(u + ;) € BMO,(B). Therefore
log(u+6;) € BMO(B). According to Lemma 3.3, there exists a constant M > 0
such that we have two cases:

/ uﬁdy S / (u + 5]')de S M% / (U -+ (Sj)ﬁdy,
B(z,2r) B(z,2r) B(z,r)

where 0 < f < 1, or,

/ udyﬁ/ (u+0;)dy <M
B(z,2r) B(z,2r)

B(z,r)
In both cases, letting j — 0o, we obtain

/ uﬁdySM%/ u’dy,
B(z,2r) B(z,r)

/ udy < Mz / u dy.
B(z,2r) B(z,r)

Therefore, using Lemma 3.2 for the first case and Lemma 3.1 for the second case,
u=0in B(z,2r) if u vanishes of infinity order at x. O

[NIES

or,

The example below shows that there exist an elliptic partial differential which
does not satisfies strong unique continuation property where its potential belongs
to Morrey spaces LP"~% and Sz for all 5 > 4.

Example 3.5. Let Q@ = B(0,1) CR", w: Q — R and V : R — R which are
defined by the formula

M@:{mmwﬂ*mrwm € Q\{0}
1 ;v =0,

and
Vuﬁz{?n+nmr—wn+wur~+mr =€)

Note that, w(x) > 0 for all x € Q. We will show that w vanishes of infinity order
at x = 0 and is a solution of Schrodinger equation

— Aw(x) + V(z)w(z) =0, x € (. (3.36)

/ w(:c)d:c:/ exp(— 2|V~ Vdz
|| <r |z|<r

= Cn)exp (-

=Cn)exp (—— 1,

by using polar coordinate. From the fact

lim exp (—%) (r)y™7 =0,

We calculate

r—0
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for all v > 0, then

71~i—I>I(1) m [E<Tw(z)dz =C(n) li_r)r(l)exp (—%) r% =0,

for all kK > 0. Therefore w vanishes of infinity order at x = 0. Fori=1,...,n,
T ) = o) (—0+ D] 2+ ol ).
Hence
S ) = ulalg(o),

where

g(@) ==+ D[ + |27 + 2(n + 1) + (n + 1)) |2| 27

= (3+2(n+1))|x| 2] + 2|2}

Consequently

Il
=S
=
s
8
~—
Il
=S
=
~—
©
S
+
=
Bl

|
(V]
I
£)
+
S
Bl
L
+
El
L
SN—

=w(x)V(x).

This shows that w is the solution of the Schrodinger equation. We conclude
that this Schrodinger equation does not satisfy the strong unique continuation
property since the solution w vanishes of infinity order at x = 0, but strictly
positive function in 2. Now, we will analyze the property of function V.

Let y € R™ and y # 0, we get

V()| < 3(n+Dy|™>+ (n+5)[y| = + |y (3.37)
For every 8 > 4 and x € R", then

VW 0 < om Y= o ™
/ y<cw [ v+ | dy

T—yl<r |£L’ - y|n—B |x—y|<r |$ - y|n—6 |x—y|<r |$ - y|n—

ly ™
+Cn / L 3.38
( ) lz—yl<r |$ - y|n—6 ( )

by using (3.37). For m € {2, 3,4}, we estimate

ly| ™ / ly| ™" / ly ™"
gy — Iy + gy
/x—y<r |£L’ - y|n—ﬁ {\x—g\<|y\} |$ - y|n—ﬁ ly|<|z—y|<r |$ - y|n—ﬁ

N{lz—yl<r}

T —ylmm —m
< / | y|n_6dy +/ Iyln_ﬁdy
|lz—y|<r |$ - y| ly|<r |y|

= C(n,m,p)r’=™. (3.39)
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Introducing (3.39) in (3.38) we obtain

/ WL, < e, )2 + 1873 + 181 (3.40)
|

r—yl<r ‘SL’ - y|n—ﬁ
Since x arbitrary in (3.40), then
BV () < Ol 072 47572 40)

which tell us ngV/(r) — 0 for r — 0. Whence V' € S5 C Sp for all § > 4.
Moreover, ngV (r) < oo for § =4 and hence V € 5.
Let  # 0 and |z| < (n+5)7%, we have —(n+5)[z|= +|z|~* > 0. This implies

V(z) > 3(n+ 1)z 2 (3.41)
Given 1 <a<2and 0 <r < (n+5)"!, then by (3.41)

Vi) 2 o) [ 'y‘lfady

ly|<r ‘y

> C(n)ro‘_2/ ! dy = 0. (3.42)

N yl<r ‘y‘n

Thus V ¢ S,.
Define a function V* = Vyg. Then V* : R® — R and w is a solution the
equation (3.36) where V' is replaced by V*. For y € R" and y # 0, we get

V¥ (y)l < (n+9)ly| ™" (3.43)

Given x € R" and r > 0. By (3.43) and using similar technique as in (3.39), we
have

1 / 1 »
IV (y)Pdy < / Wy Pdy = Clnp).  (3.44)
I Sy <r I Sy <r

According to (3.44), we conclude V* € LPm=P, O

Remark 3.6. The equation Lu = 0 has the strong unique continuation property
if Vb2 € Sy fori=1,...,nand 1 < a < 2 (see assumption (1.9)). In view
of Example 3.5, there exist V € S,, @ > 4, and b; = 0 for i = 1,...,n such
that the equation Lu = 0 does not have the strong unique continuation property.
However, the authors still do not know whether Lu = 0 has the strong unique
continuation property or not if V,b? € S,fori=1,....,nand 2 < o < 4.

Remark 3.7. The equation Lu = 0 has the strong unique continuation property
if V,b? € LP¥ where (1.8) holds. If we choose V € LP"™¥ (ie. a = 4) as in
Example 3.5 and b; = 0 for : = 1,...,n, then the equation Lu = 0 does not have
the strong unique continuation property.
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